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Radiation reaction and renormalization in classical electrodynamics
of a point particle in any dimension

P. O. Kazinski,* S. L. Lyakhovich,† and A. A. Sharapov‡

Department of Physics, Tomsk State University, Lenin Ave. 36, Tomsk, 634050 Russia
~Received 30 January 2002; published 19 July 2002!

The effective equations of motion for a point charged particle taking into account the radiation reaction are
considered in various space-time dimensions. The divergences stemming from the pointness of the particle are
studied and an effective renormalization procedure is proposed encompassing uniformly the cases of all even
dimensions. It is shown that in any dimension the classical electrodynamics is a renormalizable theory if not
multiplicatively beyondd54. For the cases of three and six dimensions the covariant analogues of the
Lorentz-Dirac equation are explicitly derived.
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I. INTRODUCTION

The problem of accounting for the radiation back react
to the relativistic motion of a point charge has been the s
ject of intensive studies since Dirac’s seminal paper@1#. The
equation of motion proposed by Dirac coincides in the n
relativistic limit with the zero-size limit of the Lorentz mode
for an electron@2# and for this reason it is often referred to
the Lorentz-Dirac~LD! equation. For a modern review an
further references, see@3–7#. Apart from pure theoretical in-
terest, the LD equation finds applications in the physics
accelerators and astrophysics@8#.

In this paper we formulate the general framework for d
riving the LD equation in arbitrary dimension space-time
The main problem one comes up against when trying to c
sistently derive the effective equation of motion for a po
charge is the inevitable infinities arising due to the ‘‘poin
ness’’ of the particle. The elimination procedure for the
‘‘classical’’ divergencies relies on the same renormalizat
philosophy that is used in the quantum field theory and
this case one may put it in a rigorous mathematical fram
work. The point is that, as far as classical particle motion
concerned, one has to regularize the equations of mo
which are linear in the field. This may require one to remo
the infinities only from a single Green’s function~which de-
termines the retarded Lie´nard and Wiechert potentials!; no
products of such functions are needed. We show that in
linear situation the regularization problem is resolved by
standard tools of classical functional analysis, without invo
ing the more powerful but less rigorous machinery of qu
tum renormalization theory. As a result we establish the g
eral structure of the Lorentz-Dirac equations for any eved
as well as the counterterms needed to compensate al
divergences. In the particular case ofd56 the results of our
analysis are in good agreement with those of@9# where the
six-dimensional LD equation was obtained on the basis
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energy conservation and reparametrization invariance a
ments.

When this work had been completed, we learned ab
the paper@10# where the question of the radiation reaction
various dimensions is discussed. In this paper, the dist
tions are noted between even and odd dimensions and
radiation reaction force is derived ind53. It was also argued
that d53,4 are the only dimensions where all the dive
gences are removed by the mass renormalization, wh
checks well with our analysis and the previous studies of@9#.
It should be noted, however, that the form of the 3D integ
differential LD equation proposed in@10# differs in appear-
ance from that derived in the present paper.

The paper is organized as follows. In Sec. II we set
notation and discuss the difference between the retar
Green’s functions in odd and even dimensions. The regu
ization procedure for the singular linear functionals relev
to our problem is detailed in Sec. III. In Sec. IV, this tec
nique is applied to deriving the LD equation in various d
mensions. Starting with the case of even dimensions we
velop a convenient regularization scheme for deriving
four-dimensional LD equation and yet allowing generati
of its higher dimensional analogues by mere expansion
regularization parameter. The case of odd dimensions se
to be less interesting as it leads to thenonlocal ~integro-
differential! LD equation, so after a discussion of the gene
structure of the LD force we restrict ourselves by consider
the simple example of a 211 particle. The main result o
this section is that in any dimension the infinities comi
from the particle’s self-action can be compensated by a fi
number of counterterms added to the original action fu
tional, which means the renormalizability of classical ele
trodynamics. In the concluding section we summarize
results and outline the prospects for further investigation

II. EQUATIONS OF MOTION AND GREEN’S FUNCTION

In this section we recall some basic formulas concern
the one-particle problem of classical electrodynamics form
lated in an arbitrary dimensional space-time. The deta
treatment of the subject can be found, for example, in@11#.

So, let Rd21,1 be d-dimensional Minkowski space
with coordinates xm, m50, . . . ,d21, and signature

il
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(12•••2). Consider a scalar point particle of massm and
chargee coupled to the electromagnetic field. The dynam
of the whole system (field)1(particle) is governed by the
action functional

S52
Nd

4 E ddxFmnFmn1eE dtAmẋm2mE dtAẋ2,

Nd5
p (12d)/2

2
G21S d21

2 D , ~1!

whereFmn5]mAn2]nAm is the strength tensor of the ele
tromagnetic fieldAm and the overdot means the derivati
with respect to the particle’s proper timet.1 Hereafter we use
the natural system of units (c51,\51) so that@m#52@x#
51 and@e#512@A#5(42d)/2.

The variation of the action~1! results in a coupled system
of the Maxwell and Lorentz equations describing both
motion of a charged point particle in response to the elec
magnetic field and the propagation of the electromagn
field produced by the moving charge. In the Lorentz gau
]mAm50 the equations take form

!Am~x!52Nd
21 j m~x!, D2xm5F m ~2!
-
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where the right-hand sides of the equations are given by
electric current of the point particle moving along the wor
line xm(t) and the Lorentz force

j m~x!5eE dtd„x2x~t!…ẋm~t!

Fm5
e

m
Fmn~x!Dxn. ~3!

Hereafter we use an invariant derivative

D5
1

Aẋ2

d

dt
~4!

whose repeat actionDnxm(t) on a trajectory remains intac
under reparametrization:t→t8(t).

It is well known that the character of propagation of ele
tromagnetic waves depends strongly on the space-time
mensiond, and especially on its parity. Mathematically, th
manifests in quite different expressions for theretarded
Green’s functionG5!21 associated with the D’Alember
operator:
G~x!5H 1

2
p (22d)/2u~x0!d (d/222)~x0

22x2! for d54,6,8, . . . ,

~21!(d23)/2

2
p2d/2GS d22

2 D u~x02uxu!~x0
22x2!(22d)/2 for d53,5,7, . . . ,

~5!
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where x5(x1, . . . ,xd21). In an even-dimensional space
time the Green’s function is localized on a forward light co
with the vertex at the origin, while for the case of odd d
mensions its support extends to the interior of the light co
These distinctions have a crucial physical conseque
which can be illustrated by the following gedanken expe
ment. Suppose a source of light is turned on at an initial ti
t and is then turned off at a timet8. If the number of space
time dimensions is even, an observer located at some
tance from the source will see the light signal with clear-
forward and backward wave fronts separated by the t
interval t2t8. In so doing, the magnitude of the signal o
served will not vary during the time provided the sour
works with a constant intensity. This is in good agreem
with our daily experience. Another picture would be o
served in odd-dimensional space-time. Of course, there
be a definite instant of time when the observer finds
source to be turned on~it is the time point when the forward

1Strictly speaking, the parameterm entering the Lagrangian is th
so calledbare mass. The physical mass of the particle will be in
troduced below within the renormalization procedure.
e.
e,
-
e

is-
t
e

t

ill
e

wave front reaches the observer’s eyes!, but thereafter the
source will appear to go slowly out, and no sharply defin
backward front will be observed. Thus, in an od
dimensional universe the light source, once turned on,
never be turned off. Sometimes this phenomenon is m
tioned as a failure of the Huygens principle for odd dime
sions.

In the context of the present work, the distinction ju
drawn will lead to essentially different forms for the Lorent
Dirac equation: it will be given by a finite-order differentia
equation for evend’s and by an integro-differential one fo
odd ones.

Return now to the equations of motion in the one-parti
problem. The general solution to the field equation~2! is
given by the sum of its particular solution and the gene
solution of the homogeneous equations

!Am~x!50, ]mAm~x!50, ~6!

describing free electromagnetic waves incident on the p
ticle. Using the Green’s function~5! and the charge-curren
7-2
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density vector~3! we can construct the particular solution
the retarded potentials of Lie´nard and Wiechert:

Am~x!52Nd
21E G~x2y! j m~y!dny

52Nd
21eE G„x2x~t!…ẋmdt. ~7!

Thus we arrive at an unambiguously determined decomp
tion of the electromagnetic potential into the exterior field~6!
and the field created by the particle~7!. The combined action
of these fields on the particle is described by the Lore
force ~3!, which is composed of the exterior electromagne
field, if any, and the inevitable action of the particle up
itself, i.e., the Lorentz-Dirac force,

Fm5F m
ext1F m

LD .

The main technical and conceptual difficulty one faces wh
calculatingF LD is the divergence of the integral for the r
tarded field~7! taken at points on the particle’s trajectory—
the fact is of no great surprise if one bears in mind the s
gularity of the Coulomb potential associated with a po
charge. This problem is closely related to another o
namely, the problem of the electromagnetic mass of an e
tron and sometimes the two are even identified.

In the next section we extend Dirac’s result to an arbitr
dimensional space-time renormalizing Green’s function.
will show that in higher dimensions the elimination of infin
ties is not exhausted by renormalization of the mass par
eterm only but brings about new renormalization consta
having no analogues in the original theory~1!.

III. REGULARIZATION

We start with some general remarks concerning the m
ematical status of the retarded Green’s functionG. The
Green’s function~5! being a kernel of the inverse wave o
erator~7! is well defined when acting on a smooth compac
supported source functionj m(x). Difficulties may arise, how-
ever, in attempting to apply the operator to a singular curr
like that produced by a point charge. The problem is twofo
First, except for the case ofd53, the Green’s functions in
volve products of generalized functions, namely, the deri
tives of ad function multiplied by au function. Such prod-
ucts are ill defined when one treats them as general
functions of one variable, sayx0, considering the other vari
ables as parameters. This is the problem we will face
restricting the argument of the Green’s function onto the p
ticle’s world line xm(t). The second point concerns the g
ometry of the domain within which the Green’s function
supported. Depending on the dimension, the support c
cides with, or is bounded by, the light-cone surface

x250, x0>0, ~8!

which is not differentiable atxm50. As a result,G(x) is
singular at the vertex of the light cone and ill defined even
a generalized sense.
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Let us illustrate this point by a simple example whic
however, will play a significant role in subsequent analys
namely, consider the generalized functionF(s)5d(s2) de-
fined on the real half lines>0.2 The relationss250, s.0
are the one-dimensional analogues of Eqs.~8!. We put by
definition

d@ f #5E
0

`

d~s! f ~s!ds5 f ~0!. ~9!

Then the integral associated with the linear functionalF
reads

F@ f #5E
0

`

d~s2! f ~s!ds

5
1

2E0

`

d~s!S f ~As!

As
D ds

5
1

2
lim

s→10

f ~s!

s
, ~10!

where f (x) is a test function. In general, this integral d
verges, so that the functionalF is ill defined. Note, however,
that the integral~10! does have meaning when evaluated
basic functions vanishing at zero. The question is how
extend the functionalF, in a consistent way, from the sub
space of functions vanishing at zero to the whole functio
space. We will call the solution to this problem the regul
ization of the generalized functionF(s) and denote it by
regF(s). For example, the following expression solves t
problem:

regF@ f #5E
0

`

d~s2!@ f ~s!2 f ~0!#ds1a0f ~0!

5
1

2
f 8~0!1a0f ~0!, ~11!

a0 being an arbitrary constant. Indeed, the functional~11! is
well defined for any basic functionf (x) and coincides with
Eq. ~10! if f (0)50. In fact, Eq.~11! is the general solution
to our problem since the complementary space to tha
vanishing-at-zero functions~i.e., the subspace on whichF
comes to infinity! is one dimensional and spanned, for e
ample, by the constant functionf (s)51. In regularizing the

2When working with generalized functions one has to fix the d
space of the basic functions, and in fact the latter is an elemen
the definition of the former. They are in a ‘‘dialectical’’ relation wit
each other: extending the space of the basic functions one narr
at the same time, that of the generalized ones, and vice versa
particular choice of a basic functional space is mainly dictated b
problem to be considered. Hereafter, one may always think o
basic function as any smooth function on the real half line. In
doing, all the derivatives at zero are understood as the derivat
on the right.
7-3
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linear functionalF, we just replace the infinite valueF@1#
5` by any finite constant regF@1#5a0.

This procedure can be straightforwardly extended to
rivatives of thed function. Consider the generalized functio

Fn~s!5d (n)~s2!5S d

ds2D n

d~s2!,

n51,2, . . . . ~12!

Then we put

regFn@ f #5E
0

`

d (n)~s2!S f ~s!2 f ~0!

2s f8~0!2 . . . 2
s2n

2n!
f (2n)~0! Dds1a0f ~0!

1a1f 8~0!1•••1a2nf (2n)~0!

5E
0

`

d~s!
1

2s S 2
d

2sdsD
nS f ~s!

2 (
k50

2n
sk

k!
f (k)~0!D ds1 (

k50

2n

akf (k)~0!, ~13!

yields

regFn@ f #5
f (2n11)~0!

~n11!!
1 (

k50

2n

akf (k)~0!. ~14!

As before, the functional~12!, as it stands, is defined only o
functions that areo(s2n11) as s→10. Subtracting from a
function f the first several terms of its Taylor expansion, w
just projectf onto the subspace of such functions. The va
of the functional on the complementar
(2n11)-dimensional subspace is fixed by the arbitrar
chosen constantsa0 , . . . ,a2n .

The formula~14! is a particular example of a quite gen
eral mathematical procedure known as the regularization
divergent integrals or generalized functions. The procedur
applicable to a wide class of singular functionals, in partic
lar, to functionals with polynomial singularities@12#.

For our purposes it is instructive to rederive express
~14! in another way, perhaps more familiar for physicis
namely, using the sequential approach to generalized fu
tions one may represent thed function ~9! as

d~s!5 lim
a→10

e2s/a

a
. ~15!

Substituting this representation into Eq.~10! we get a one-
parametric family of well-defined functionals untilaÞ0:

Fa@ f #5E
0

`e2s2/a

a
f ~s!ds. ~16!
02501
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In so doing,F@ f #5 lima→0Fa@ f #. For this reason we refer to
a as the regularization parameter. Given the basic func
f (s), the integral~16! defines a meromorphic function inAa
given by the Laurent series

Fa@ f #5a21/2E
0

`

e2t2f ~ tAa!dt

5 (
n50

`

a(n21)/2
f (n)~0!

n! E
0

`

e2t2tndt

5
1

2(
n50

`

a(n21)/2
f (n)~0!

n!
GS n11

2 D .

~17!

In the limit a→0 of switching regularization off, the singu
larity of the functionalF@ f # appears as a simple pole, whi
the nonvanishing term of the regular part of Eq.~17! coin-
cides with Eq.~11! if we take a050. Similarly, the delta-
shaped sequence~15! defines a holomorphic function ina
with coefficients being the generalized functions ins,

da~s!5
e2s/a

a
5 (

n50

`

~2a!nd (n)~s!. ~18!

Substitution of the last expression into Eq.~16! gives

Fn@ f #5 lim
a→0

~21!n

n!

dnFa@ f #

dan
. ~19!

We see that the regularization~14! of the functionalsFn

corresponds to the replacement

a2(k11)/2→ak , k50,1, . . . ,n ~20!

of all the poles in expression~19! by arbitrary finite con-
stants.

Thus the sequential approach to the problem leads to
same finite part for the functional to be regularized and c
tains the same ambiguity in the final definition as the sche
based on direct subtraction.

IV. RENORMALIZATION AND THE LORENTZ-DIRAC
FORCE

Now we are going to explicitly calculate the Lorent
Dirac forceF LD. As the results drastically differ in odd an
even dimensions, we consider these cases separately.

A. Even-dimensional space-time

The retarded Green’s functions are given by the first l
in Eq. ~5!. We start with the case ofd54. The expression for
the LD force follows from Eqs.~7! and ~3!:

F m
LD~s!54e2Dxn~s!E u„x0~s!2x0~t!…d8„$x~s!

2x~t!%2
…$x~s!2x~t!% [nẋm]~t!dt ~21!
7-4
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where the square brackets mean antisymmetrization. S
for the massive particle the equation$x(s)2x(t)%250
meansxm(s)5xm(t), which in turn impliess5t, the inte-
grand is supported at the points5t. Changing the integra
tion variablet→s2t we get a singular integral of the form

F m
LD~s!54e2Dxn~s!E

0

`

d8„$x~s!2x~s2t!%2
…

3$x~s!2x~s2t!% [nẋm]~s2t!dt ~22!

and the singularity comes from the derivative of the de
function. Following the general regularization prescripti
we replaced8 by an appropriate sequence of smooth fun
tions. For example, from Eq.~18! it follows that

d8~s!52 lim
a→10

]

]a

e2s/a

a
, s>0. ~23!

This leads to the regular expression for the LD force:

F m
LD~s,a!524e2Dxn~s!

]

]aE0

`

e2$(x(s)2x(s2t)%2/a

3$x~s!2x~s2t !% [nẋm]~s2t !
dt

a
,

F m
LD~s!5 lim

a→10
F m

LD~s,a!. ~24!

Evaluating this integral by the Laplace method we get
asymptotic expansion forF m

LD(s,a) in half-integer powers of
a. The actual calculations are considerably simplified if o
notes that the form of the integral is invariant under repara
etrizations. So we may assume that the proper timet satisfies
the additional normalization conditionẋmẋm51. In this
gauge, many of the terms vanish in the Taylor expansion
the exponential and preexponential factors in~24!, leaving us
with

$x~s!2x~s2t!%25 ẋ2t22
1

12
~D2x!2t4

1
1

12
D2x•D3xt51S 1

45
~D3x!2

1
1

40
D2x•D4xD t61O~t7!,
02501
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$x~s!2x~s2t!% [nẋm]~s2t!

52
1

2
D2x[mDxn]t

21
1

3
D3x[mDxn]t

3

2S 1

8
D4x[mDxn]1

1

12
D3x[mD2xn] D t4

1S 1

30
D5x[mDxn]1

1

24
D4x[mD2xn] D t51O~t6!.

~25!

Substituting these expressions back into Eq.~24!, we get an
integral of the form~17!. The result of integration reads

F m
LD~a!5e2ẋ2(

k52

`

~21!k11
~k21!2

k!
GS k11

2 D
3 f m

(k)~Dx, . . . ,Dkx!a(k23)/2. ~26!

The explicit expressions for the first several terms are gi
by

f (2)
m 5D2xm,

f (3)
m 5D3xm1~D2x!2Dxm,

f (4)
m 5D4xm1

3

2
~D2x!2D2xm13D2x•D3xDxm,

f (5)
m 5D5xm1

5

2
~D2x!2f (3)

m 1
15

2
D2x•D3xD2xm

1@4D2x•D4x13~D3x!2#Dxm,

•••

f (k)
m 5Dkxm1•••,

••• .

Notice that in view of the reparametrization invariance of t
model the vector of the regularized LD force is transverse
the particle’s velocity, i.e.,ẋmFm(s,a)50. Upon removing
the regularization only the first two terms of the series~26!
survive—one singular and one finite—which leads to t
well-known LD equation for ad54 point charge interacting
with its own field

S m1
e2

4
Ap

a DD2xm5
2

3
e2@D3xm1~D2x!2Dxm#,

a→0. ~27!

The right hand side~RHS! of this equation describes th
back reaction of the particle upon radiating of electroma
netic waves and this is more than just an interpretation. N
7-5
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tice that our calculations, being as rigorous as possible, c
tain, however, an apparent ambiguity related to the defini
of Dirac’s d function on the half line~9!. This function~al!
results from the restriction of the retarded Green’s funct
to the particle’s world line and appears to be ill defined ev
in the sense of generalized functions, as has already b
mentioned at the beginning of Sec. III. Indeed, starting w
an arbitrary delta-shaped sequence defined on the whole
line, one may restrict the corresponding functional to t
functions vanishing identically ats,0. The different se-
quences will then lead to the different results, distinguish
from each other by an overall constant factor. For exam
any symmetric~with respect to zero! approximation ford(s)
will give the additional 1/2 multiplier in the RHS of Eq.~9!.
However, requiring conservation of the total energy of t
system, one has to equate the work of the LD force with
energy of the electromagnetic fieldradiated by the acceler-
ating particle, which immediately leads to our convention
the d function on the half line. This is the energy conserv
tion argument that is frequently used to derive the LD eq
tion in four dimensions~see, e.g.,@1,4,6#!.

The physical interpretation for the infinite contribution
the LHS of Eq.~27! is also obvious: its appearance reflec
the infinite energy, or mass, of the fieldadjunct to the par-
ticle. Within the paradigm of renormalization theory this si
gularity is removed by a simple redefinition of the particle
mass: one just replaces the sum of the unobservable
massm and the infinite contribution due to the interaction
a finite ~experimental! value,

mexpt5m1
e2

4
Ap

a
, ~28!

so that the renormalized action of thed54 particle takes the
form

Srenorm
(4) 5S mexpt2

e2

4
Ap

a D E dtAẋ2. ~29!

This means that classical electrodynamics in four dimens
is a multiplicatively renormalizable theory.

The next task is to try to extend this result to even hig
dimensions using the explicit expressions for the retar
Green’s functions~5!. To do this one has no need to repeat
the calculations from the very beginning. In view of the r
lations~18! and~19! the desired expressions for the LD forc
can be derived in any evend by successive differentiation o
the universal series~26! obtained ind54. More precisely,

F m
(d)5

2d23~21!d/2

~d22!! S ]

]aD (d24)/2

F m
LD~a!ua50 . ~30!

In the case of six dimensions the corresponding equatio
motion reads
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S m1a23/2
e2Ap

24 DD2xm

52
4e2

45 S D5xm1
5

2
~D2x!2@D3xm1~D2x!2Dxm#

1
15

2
D2x•D3xD2xm1@4D2x•D4x13~D3x!2#DxmD

1a21/2
e23Ap

64 S D4xm1
3

2
~D2x!2D2xm

13D2x•D3xDxmD . ~31!

In addition to the infinite mass term we observe a new ty
of divergence involving fourth-order derivatives. It is inte
esting to note that both the divergences are Lagrangian,
they can be canceled out by adding appropriate counterte
to the initial Lagrangian~1!, so that the renormalized actio
reads

Srenorm
(6) 52S mexp2a23/2

e2Ap

24 D E dtAẋ2

2a21/2
e23Ap

128 E dtAẋ2~D2x!2. ~32!

Contrary to this, the finite part of the LD force containin
fifth derivatives of thex’s cannot be represented as the var
tion of a Lorentz-invariant functional. These results genera
agree with the previous analysis of@9#, where explicit ex-
pressions for the 6D LD force and the counterterm in E
~32! were obtained from the requirements of energy cons
vation and reparametrization invariance.~The radiation reac-
tion force ~31! differs from that of @9# just by an overall
coefficient. This seems to be because of minor inaccurac
the normalization of 6D Lie´nard-Wiechert potentials ac
cepted in@9#.!

This situation is general and nothing changes this pict
as the number of dimensions increases; namely, for any e
d the finite part of the LD force is given by a polynomia
function in the derivatives ofxm(t) up to the (d21) order
inclusive. Note that the higher~odd! derivativeDd21xm en-
ters linearly into LD force and therefore no variation pri
ciple for the LD equation exists. This reflects the dissipat
character of the system losing energy due to the radiation
addition, there ared/221 divergent terms, ‘‘the most singu
lar of which’’ corresponds to infinite electromagnetic mass
the particle, while the interpretation for the other terms is n
so simple as structures of such types are lacking in the o
nal theory. By analogy with four and six dimensions one m
expect that all the singularities are Lagrangian and can
removed by adding appropriate counterterms to the ac
~1!. This appears to be the case. Indeed, since the Max
equations~2! are linear we may resolve them in the gene
form ~7! and, substituting the result back into the acti
functional ~1!, get a functional of the particle’s trajector
only:
7-6
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S52mE dtAẋ22
1

2
Nd

21E ddx

3E ddy jm~x!G~x2y! j m~y!

52mE dtAẋ22
e2

2
Nd

21E ds

3E dt ẋm~s!G„x~s!2x~t!…ẋm~t!. ~33!

The first term is the usual action functional of a free sca
particle and the second describes the self-action. Since
retarded Green’s function is localized on the light cone
can explicitly perform~after a suitable regularization! one
integration in the double integral and get the Lagrang
model for the relativistic particle with higher derivatives.
is not hard to check that in the cases ofd54,6 the regular-
ized self-action term in Eq.~33! exactly reproduces the coun
terterms in the corresponding action functionals~29!,~32!. As
to the LD force, it cannot be obtained from the higher d
rivative model since only the symmetric part of the retard
Green’s function actually enters into the nonlocal action~33!.
It seems very likely that the same situation occurs in hig
dimensions as well.

To summarize, for even dimensiond.4 one is forced to
extend the original Lagrangian of the free relativistic parti
by the addition ofd/222 extra~higher derivative! terms in
order to get a renormalizable theory, so that the whole re
malization procedure involves, together with the physi
mass,d/221 arbitrary constants.

B. Odd-dimensional space-time

The Green’s function is given by a product of au function
and a singular analytical expression~5!. According to this,
the gradient of the Green’s function entering the stren
tensorFmn of the adjunct electromagnetic field consists
structures proportional tou andd functions. This allows one
to decompose the corresponding LD force into local a
nonlocal parts and both of these parts are generally sing
In principle, proceeding by analogy with the eve
dimensional case, one can remove these singularities
the help of appropriately chosen counterterms. However,
nonlocal character of the particle’s self-action in odd dime
sions gives rise to a specific question about the admiss
choice for the counterterms. For the sake of simplicity,
restrict ourselves to illustrating the problem and its solut
for the case of the 211 particle. The complete analysis wi
be given elsewhere.

The local and nonlocal parts of the LD force are given
the integrals

F nonlocal
m 5e2Dxn~s!E

2`

s

dtS @x~s!2x~t!# [mẋ~t!n]

ux~s!2x~t!u3
D ,

~34!
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F local
m 522e2Dxn~s!E

2`

s

dt

3S d„@x~s!2x~t!#2
…@x~s!2x~t!# [mẋn]~t!

ux~s!2x~t!u D .

~35!

Near the coincidence limits→t the numerator and denom
nator of the integrand~34! behave as (s2t)2 and (s2t)3,
respectively, so that the integral diverges logarithmically,
one would expect for the two-dimensional Coulomb pote
tial. Using the asymptotic equality

2@x~s!2x~t!# [mẋn]~t!;D2x[n~s!Dxm]~s!@x~s!

2x~t!#2Aẋ2~t!,

s→t, ~36!

we can extract the infinity as follows:

F nonlocal
m 5e2Dxn~s!E

2`

s

dtS @x~s!2x~t!# [mẋ~t!n]

ux~s!2x~t!u3

2
D2x[n~s!Dxm]~s!Aẋ2~t!

2ux~s!2x~t!u D 1dmD2xm~s!,

~37!

where

dm5
e2

2 E2`

s dtAẋ2~t!

ux~s!2x~t!u
5`. ~38!

Now the first integral is regular and describes the nonlo
self-action of the point charge, whereas the second t
gives rise to the infinite mass renormalization.

In this simple case of the 211 particle, the form of the
counterterm is uniquely determined for reasons of repar
etrization invariance, correct physical dimension, prop
short-distance behavior, and the additional requirement
the renormalized LD force to depend ont via the particle’s
trajectoryx(t) only.3 Relaxing the last condition, one ma
find many other admissible subtraction schemes yielding
different result for the renormalized force. For example,
@10# it is proposed to cancel the divergence by the m
countertermdmD2xm with

3In fact, the latter condition can be understood as a particular fo
of the reparametrization invariance requirement, if one adopts
‘‘passive’’ viewpoint on transformations: the proper time parame
t is chosen only once, while the gauge transformation acts dire
on the coordinate functionsx(t)→x8(t)5x„f (t)….
7-7



th
th
u
h
on

n
n
.
th
e

e
a

co

tz
I

le

as
s

nd

ss
f
-
y.
tw
o
ls
in
s

ing

ill
to
an

ar-
pin
ns

tion

o a

ues-
ar

for a
lar
to
ric-
ns
of
ne

ts
s-

s

ard
ral-

ons

l
ults
lly
AS
ca-
as
ts,
a-
er

at

P. O. KAZINSKI, S. L. LYAKHOVICH, AND A. A. SHARAPOV PHYSICAL REVIEW D 66, 025017 ~2002!
dm5
e2

2 E2`

s dt

us2tu
, ~39!

which does not satisfy the above condition and results in
explicit dependence of the renormalized LD force on
world-line parameter. It can easily be seen that the two s
traction schemes~38! and ~39! are not equivalent to eac
other even taking account of any possible reparametrizati

As to the local part of LD force~35!, it turns out to be
finite and proportional to the free equations of motion,

F local
m 5

e2

2
D2xm. ~40!

Note that here we do not worry about the ‘‘right’’ definitio
for the d function on the half line as, in any case, this co
tribution is absorbed by the renormalization of the mass
would be interesting to compare the work produced by
renormalized force~37! with the loss of energy due to th
radiation.

The main lesson to be learned from this consideration
that, despite the nonlocal character of the self-action forc
211 dimensions, the divergent part of the LD force is loc
and even Lagrangian. There is no doubt that the same
clusion remains true for any higher odd dimension.

V. CONCLUDING REMARKS

In this paper we considered the derivation of the Loren
Dirac equation for a point charge in various dimensions.
any evend the radiation reaction is given by the simp
general formula~30! implying only the formal differentiation
of the d54 LD force by the regularization parameter. It h
been shown that, contrary to the quantum electrodynamic
d.4, the classical electrodynamics of point particles is
renormalizable theory, although nonmultiplicatively, beyo
d54. The necessity of extra counterterms~involving higher
derivatives! in addition to that responsible for the ma
renormalization~attributed naturally to the infinite energy o
the field surrounding a point charge! seems rather counterin
tuitive but this is a must for obtaining a reasonable theor

The results of the paper can be extended at least in
directions. First, one may consider a supersymmetric
higher-spin generalization for the relativistic particle. Mode
with N-extended world-line supersymmetry were studied
Refs.@13,14#. It has been shown that after quantization the
f
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models can be consistently interpreted as relativistic spinn
particles of spinN/2. By analogy with the quantum field
theory, one may expect that inclusion of supersymmetry w
result in correction of some singularities or will even lead
finite models. If this is the case, taking account of spin c
give rise to a fully consistent theory of charged point p
ticles. The consistent interactions of massive arbitrary-s
particles with exterior fields including higher dimensio
have been constructed in@16,17#. Although spin induced ra-
diation is known, its back reaction remains an open ques
even ind54.

The second option is to extend the above analysis t
p-brane system universally coupled to ap-form field and
other background fields. In this setup one may raise the q
tion of classical stability for such a system. At the line
level the problem was studied in Ref.@15#, where a full set of
constraints on masses and couplings was established
0-brane minimally coupled to a multiplet of vector and sca
fields. It is anticipated that by generalizing this analysis
the case of an extended object we will get a certain rest
tion on the background fields in the form of local equatio
of motion. If so, this may shed new light upon the origin
low energy effective field equations in the string and bra
world.

Note added. In the preceding paper, Gal’tsov commen
on the validity of our assertion on renormalizability of cla
sical electrodynamics in higher dimensions as it is‘‘based on
an original regularization due to the authors for derivative
of the delta function, which is likely to be incorrect’’. From
Sec. III of our paper, one may find that we use the stand
regularization procedure for divergent integrals of gene
ized functions. See the textbook by Gelfand and Shilov@12#.
What is more, Eq.~30! for the LD force ~which we have
derived in any even dimension by regularizing the equati
of motion! is in line with the results ford56 obtained earlier
by a completely different method@9#.
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